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Abstract
We consider N=1 supersymmetric sine-Gordon theory (SSG) with supersymmet-
ric integrable boundary conditions (boundary SSG=BSSG). We nd two possible
ways to close the boundary bootstrap for this model, corresponding to two dierent
choices for the boundary supercharge. We argue that these two bootstrap solutions
should correspond to the two integrable Lagrangian boundary theories considered
recently by Nepomechie.
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1 Introduction
In this paper we consider the N=1 supersymmetric sine-Gordon theory with supersymmet-
ric integrable boundary conditions (BSSG). Our aim is to nd a closure of the boundary
bootstrap for this model.
The N=1 supersymmetric sine-Gordon model is the natural supersymmetric extension
of the ordinary sine-Gordon model. It is an integrable eld theory with innitely many
conserved charges [1]. The S matrix of the theory was obtained in [2], while the integrable
and supersymmetric boundary conditions were considered in [3], but it took a while until








As a result of integrability, the boundary scattering factorizes, and the general solution
of the boundary Yang-Baxter equation was found in [5], but the constraint of supersym-
metry was not imposed. Nepomechie was the rst to consider supersymmetric boundary
scattering [4], building on previous results obtained in the case of supersymmetric sinh-
Gordon theory [6]. However, no one has exposed the full structure of the solitonic reection
amplitude, although the results obtained in the case of the tricritical Ising model [7] are
closely related to this problem. Besides that, the closure of the bootstrap and the spectrum
of boundary states have not been even touched before. Therefore our aim is to clear up
the issue of supersymmetric boundary scattering in the BSSG model and to nd the com-
plete spectrum of boundary states and their associated reection factors. The main idea 
motivated by the successful description of the bulk scattering  is to look for the reection
amplitudes in a form where there is no mixing between the supersymmetric and other in-
ternal quantum numbers. This means an Ansatz for the reection amplitudes as a product
of two terms one of which is the ordinary (bosonic) sine-Gordon reection amplitude, while
the other describes the scattering of the SUSY degrees of freedom.
Within the bootstrap procedure, we consider rst the solitonic reection amplitudes
on the ground state and on the rst two excited boundaries. The SUSY factors in these
solutions have no poles in the physical strip, thus the masses of boundary states emerging
are the same as in the bosonic theory, however, SUSY introduces a nontrivial degeneracy.
The spectrum of general higher excited boundaries is easily extracted from these results.
We determine also the various reection amplitudes on these excited boundaries.
There are two ways to close the bootstrap, starting from two dierent ground state
reection amplitudes, corresponding to two possible choices of the boundary supercharge.
Both solutions lead to the same spectrum of boundary states, but the reection amplitudes
are dierent. In one case the reections conserve fermionic parity, while in the other they
do not.
The layout of the paper is as follows. Section 2 recalls briey some important facts
about supersymmetric sine-Gordon theory. In Section 3 the reader is reminded of the
supersymmetric and integrable boundary interactions that can be added to the theory,
and we also discuss of the boundary supercharge and derive a formula relating it to the
boundary Hamiltonian. Section 4 gives a quick review (containing only the most necessary
facts) of the spectrum and reection factors of the ordinary (non supersymmetric) sine-
Gordon model with integrable boundary conditions. In Section 5 we present the main
results of the paper, which is a conjecture for the spectrum and the full set of reection
factors of the BSSG model. We consider the breather reection amplitudes in Section 6
and then give our conclusions in Section 7.
2 Bulk SSG theory














where  is a real scalar, Ψ is a Majorana fermion eld, m is a mass parameter and  is the
coupling constant. The theory is invariant under an N = 1 supersymmetry algebra and
2
has innitely many commuting local conserved charges [1]. These charges survive at the
quantum level and render the theory integrable, which makes it possible to describe the
exact spectrum and the S matrix.
2.1 Spectrum and bulk scattering amplitudes
The spectrum consists of the soliton/antisoliton multiplet, realizing supersymmetry in a
nonlocal way, and breathers that are bound states of a soliton with an antisoliton.
The building blocks of supersymmetric factorized scattering theory were rst described
in [10], using an Ansatz in which the full scattering amplitude is a direct product of a part
carrying the SUSY structures and a part describing all the rest of the dynamics. The full
SSG S matrix was constructed in [2].
The supersymmetric solitons are described by RSOS kinks Kab () of mass M and ra-
pidity , where a; b take the values 0; 1
2
and 1 with ja−bj = 1=2, and describe the supersym-
metric structure, while  =  corresponds to topological charge 1 (soliton/antisoliton).
Multi-particle asymptotic states are built as followsK1a0a1 (1)K2a1a2 (2) : : :KNaN−1aN (N )E (2)















 1 − 2

 SSG (1 − 2)010212 (3)
i.e. the tensor structure of the scattering amplitude factorizes into a part describing the
SUSY structure (which we call the SUSY factor) and another part corresponding to the
topological charge (the bosonic factor).
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++ ; u = −i ; (4)
while the SUSY factor is identical to the S matrix of the tricritical Ising model perturbed




















































































































Γ (k − 1=2 + =2i) Γ (k − =2i)
Γ (k + 1=2− =2i) Γ (k + =2i)
As the SUSY factor has no poles in the physical strip, the solitonic amplitudes (3) have
poles at exactly the same locations as the sine-Gordon soliton S matrix. These correspond
to bound states (breathers) Bn of mass
mn = 2M sin
n
2
; n = 1; : : : [] :
The S matrix of the breathers was rst found in [9]. The breathers form a particle multiplet
composed of a boson and a fermion, on which supersymmetry is represented in a standard
way [10, 11].
For the ordinary sine-Gordon theory, the correspondence between the Lagrangian the-
ory and the bootstrap S matrix (4) is very well established. There is much less evidence
for the correctness of the S matrix (3) as the scattering amplitude of SUSY sine-Gordon
theory. Besides the original construction [2] (based on arguments related to N = 1 super-
symmetric minimal models), another indication is that at a particular value of the coupling
 where it is expected to have a restriction to the SUSY version of Lee-Yang theory (su-
perconformal minimal model SM (2=8) perturbed by the relevant superconformal primary
eld  (1; 3), which is equivalent to Virasoro minimal model M (3=8) perturbed by the
primary eld  (1; 5)), the rst breather supermultiplet has the same scattering amplitude
as predicted from RSOS restriction of imaginary coupled a
(2)
2 Toda theory in [12] (see also
[13]).
2.2 Bulk SUSY charges
The bulk theory has two supersymmetry charges of opposite chirality Q and Q, which
together form a Majorana spinor. They act on one-particle states jAi()i in the following
way [8, 10, 11]:
Q jAi()i = pmieθ/2Q jAi()i ; Q jAi()i = pmie−θ/2 Q jAi()i
where mi are the particle masses and Q; Q are matrices satisfying
Q2 = 1 ; Q2 = 1 :












(we omit the upper index , as the SUSY
action does not depend on the topological charge), the supersymmetry algebra is repre-
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0 0 0 −1
1
CCA ; Q =
0
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1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1
1
CCA
describes the SUSY central charge in the above basis. This is not to be confused with
the topological charge T of the sine-Gordon solitons, which is represented by the upper
indices . Z can take the values 0 or 1, and it distinguishes between solitons/antisolitons
mediating from odd to even and from even to odd vacua of the bosonic potential [14] (this
means that using the terminology of [15] the theory is 2-folded).
The above representation of SUSY describes BPS saturated objects. There was a
controversy in the literature whether the solitons in SSG are BPS saturated, since N = 1
SUSY does not protect their mass from acquiring radiative corrections. However, it was
shown in [16] that they remain BPS saturated at one-loop and probably to all orders, due
to anomalous quantum corrections to the classical formula for the central charge Z.




0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
1
CCA
Using the denition of Γ it is possible to specify a basis of pure bosonic and pure fermionic
states for any given (xed) number of particles. However, the composition (coproduct)
rules of the kink states as given in (2) are not free and therefore in the boson-fermion
internal space supersymmetry acts nonlocally. The action of supersymmetry on multi-
particle states involves braiding factors depending on Γ that are dened by the coproduct
 :





= Q⊗ I + Γ⊗ Q
 (Γ) = Γ⊗ Γ
The action on breather states can be derived using the bootstrap, but can also be obtained
from the representation theory of the SUSY algebra. It turns out that the central charge
Z (as well as the topological charge T ) vanishes identically for the breathers. For further
details we refer to [10, 11].
3 Boundary SSG theory
3.1 Integrable and supersymmetric boundary interactions












where LB(t) is a term local at x = 0. We consider boundary interactions which are both
supersymmetric and integrable. The case when LB(t) depends only on the value of  and
Ψ at x = 0 was considered in [3], where it was found that supersymmetry and integrability

















However, this is not the whole story. The Majorana fermion in the ultraviolet limit
is described by the c = 1
2
Ising conformal eld theory. It was noted in [17] that in order
for the Majorana fermion to describe correctly the boundary states of the conformal eld
theory, one has to include a fermionic boundary degree of freedom a(t) that is related to
the boundary value of the Ising spin. Using this fact, a two-parameter set of integrable
supersymmetric boundary conditions was derived in [4]. The boundary interaction term is
of the form
LB =
(   + ia@ta− 2f () a(   ) + B ()x=0 (6)
The functions f and B are xed by the requirement of boundary integrability and super-
symmetry (cf. [4]). We denote the theories obtained by adding LB to the bulk action as
BSSG. The most important property of this action is that it depends on two continuously
varying boundary parameters, exactly as in the case of the non-supersymmetric boundary
sine-Gordon theory [18]. This is important for consistency with the bootstrap since the
reection factors we nd depend on two parameters as well. The boundary Lagrangian (5)
can be obtained as a special case of (6) when the parameters are tuned so that f = 0, and
therefore the boundary fermion a decouples.
3.2 The boundary SUSY charge and the Hamiltonian









They have the anticommutation relation
fQ; Qg = 2M Z
and satisfy the following relation (among others)
QQ+ Q Q = 2H (7)
where H =
R
h(x; t)dx is the Hamiltonian, Z is the SUSY central charge and M is the
soliton mass. In a boundary theory with supersymmetric integrable boundary condition,




(q(x; t) q(x; t)) dx+QB(x = 0; t)
6
where QB is a boundary contribution, localized at x = 0. There are two possible choices
() corresponding to the two possible conformal fermionic boundary conditions in the
ultraviolet limit. As shown in [4], these correspond to the two choices of sign in (6) and
therefore to BSSG.




h(x; t)dx+HB(x = 0; t)
where HB is the boundary interaction. Let us for the moment neglect the contribution
from the central charge Z (this is possible e.g. in a sector containing only breathers).




h(x; t)dx+ 2H 0B(x = 0; t)








h(x; t)dx+ 2H 0B(x = 0; t)

= 0:
In the supersymmetric boundary sine-Gordon theory, this property uniquely determines
H 0B as the boundary interaction HB and therefore
~Q2 = 2 ~H







~Z is an appropriate extension of Z to the boundary situation. We shall see that the
two bootstrap solutions we propose correctly reproduce this formula.
4 Boundary sine-Gordon model
4.1 Ground state reection factors
The most general reection factor  modulo CDD-type factors  of the soliton antisoliton
multiplet js; si on the ground state boundary, denoted by j i, satisfying the boundary
versions of the Yang-Baxter, unitarity and crossing equations was found by Ghoshal and
Zamolodchikov [18]:
RSG(; #; u) =

P+(; #; u) Q(; #; u)




P+0 (; #; u) Q0(u)
Q0(u) P
−








P0 (; #; u) = cos(u) cos() cosh(#) sin(u) sin() sinh(#) ;
Q0(u) = − sin(u) cos(u) ; (9)
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describes the boundary condition dependence. The reection factors of the breathers can
be obtained by the bulk bootstrap procedure [19].
4.2 The general spectrum and the associated reection factors
The spectrum of boundary excited states was determined in [20, 21]. It can be parametrized







and wk =  − 

− (2k − 1)
2
:








The reection factors depend on which sectors we are considering. In the even sector, i.e.
when k is even, we have
























































In the odd sector, i.e. when k is odd, the same formulae apply if in the ground state
reection factors the  $  and s $ s changes are made. The breather sector can be
obtained again by bulk fusion.
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5 Supersymmetric boundary sine-Gordon model
5.1 Ground state reection factors
5.1.1 The general solution for the reection factor
Following the bulk case, we suppose that the reection matrix factorizes as
RSUSY () RSG() :
In this special form the constraints as unitarity, boundary Yang-Baxter equation and
crossing-unitarity relation [18] can be satised separately for the two factors. Since the
sine-Gordon part already fullls these requirements, we concentrate on the supersymmetric
part.
From the RSOS nature of the bulk S-matrix (3) it is clear that the boundary must also
have RSOS labels and the adjacency conditions between the nearest kink and the boundary











































(−)jBbi ; b 6= a ; a; b = 0; 1 (11)
In the second process the label of the boundary state has changed, which shows that jB0i
and jB1i form a doublet. All of the constraints mentioned above factorize in the sense
that they give independent equations for the reections on the boundary jB1/2i and on the
doublet jB0,1i. Since the ground state boundary is expected to be nondegenerate we rst
concentrate on reection factors o the singlet boundary jB1/2i. The most general solution









() = (1− A sinh(=2))M()
while unitarity and crossing symmetry give the following restrictions





















We suppose that the boundary states jBai ; a = 0; 1 can be obtained by boundary boot-
strap from the ground state
B1/2 [22, 7]. Therefore we do not consider the Yang-Baxter
equation and the other constraints for the amplitudes R
1/2
ab () as these will be guaranteed
to be fullled by the bootstrap. We shall see later that in general the boundary states
jBai ; a = 0; 1 come in multiple copies, each of which forms a doublet of states with the
same energy.
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5.1.2 Action of the boundary supersymmetry charges
~Q
We need to construct the action of the boundary supercharge on the asymptotic states.
We expect that the action is given by
~Q = Q Q+QB
where Q, Q act on the particles as in the bulk theory (Section 2.2)2. The reason for this
is that they are given by integrals of local (fermionic) densities, and asymptotic particles
are localized far away from the wall, so the action of these charges is not aected by the
presence of the boundary. QB is the action of the boundary contribution, which we take
to be
QB = γΓ ; (12)
where γ is some unknown parameter (related to the energy of the boundary ground state
 see later). The reason for this choice is that we expect the boundary supercharge to
commute with the bulk S-matrix, which is symmetric under the action of Q; Q and Γ by
construction[10, 11]. (12) is also supported by classical considerations in [4], showing also
that the classical version of γ is a function of the parameters in the boundary Lagrangian
(6).
Next we need to give the action of Q, Q and Γ on the boundary ground state
B1/2.
Following [7], we choose
QjB 1
2
i = 0 ; QjB 1
2
i = 0 ; ΓjB 1
2
i = jB 1
2
i : (13)
The rst two relations express that the boundary ground state is supersymmetric, while
the last one shows that it is an eigenvector of Γ. We expect that because the ground
state is nondegenerate. The choice of the eigenvalue (1) is not important, as it could be
compensated by a redenition of γ. It is a consequence of (8) and (13) that the ground
state energy is γ2=2, which will be shown later to be consistent with the action of ~Q on
the excited boundary states.
5.1.3 Supersymmetric reection amplitudes
Now we would like to impose the supersymmetry constraints on the ground state reection
amplitudes.
The two choices
~Q will give dierent solutions [7, 22]. If the boundary supercharge
~Q+ commutes with the reections (theory BSSG
+































If, however, it is
























− i sinh 
2

K( − i)K(i −  − i)2−θ/piiP () (15)
2
Note that our charge Q¯ diers by a sign from that used in [7], while agrees with the convention in [11].
This is important when comparing our results with those in [7].
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thus in the rst case (BSSG+) the reections also commute with the operator Γ, while in
the other case (BSSG−) they do not. We remark that there are no poles in the physical
strip in any of the reection factors above.
In the case BSSG+, the supersymmetry constraints do not determine the value of γ
in contrast to the results of [7, 22]. The reason is that it is the supersymmetry of the
reections on jBai ; a = 0; 1 which connects γ with a parameter in the reection matrix
itself. However, we construct these reections by the bootstrap, which determines them
completely, and γ is left as a free parameter. As it was argued above and as will also
be seen later γ is connected to the vacuum energy, so it is not a new parameter of the
theory (in principle it is expressible in terms of the Lagrangian parameters). The only
independent parameters introduced by the boundary are  and # which are present in the
bosonic sine-Gordon reection factors RSG.
5.2 The general spectrum and the associated reection factors
5.2.1 The Γ symmetric case (BSSG+)






where the SUSY component has the form (14). Since the only poles of these reection
factors are due to the sine-Gordon part their explanation has to be similar to that in
the bosonic theory. However, we have to supplement the formulae for the bosonic theory
with RSOS indices in a consistent way. The sine-Gordon reection factor has boundary
independent poles at inpi
2λ
for n = 1; 2; : : :, which can be described by diagram (a). This
is identical to the non supersymmetric diagram except that it is decorated with RSOS
indices, which are displayed inside circles. Clearly the dashed line denotes the full breather
supermultiplet (now consisting of a boson and a fermion).
The boundary dependent poles of RSG are located at




; n = 0; 1; : : : :





; a = 0; 1

















where the g-factor is the SUSY part of the boundary coupling, coming from the SUSY



























two states (a = 0; 1) for a given n form a doublet which realizes the structure (11), that is
the K 1
2
a kinks can scatter on it. The action of the boundary supercharge on these states
can be calculated using the coproduct rules in [10, 11], taking into account the action of
the charges on the boundary ground state:

























The boundary supercharge satises




+M cos n +M

ja; 1=2jni





, since the central charge of this state is
~Z = 1 (we take the ground state j1=2i to have ~Z = 0, while the bulk soliton Ka1/2 has
Z = 1), the ground state has energy γ2=2 by virtue of the relations (12,13) and M cos n
is the energy that the excited state has relative to the ground state (10).
The SUSY reection factors of K 1
2
a o ja; 1=2jni can be computed from the bootstrap


























































































(e) ν type poles
Note the appearance of the g factors in the result. They are the SUSY parts of the boundary
couplings and come in two types: one corresponds to the absorption of the particle while
creating a higher excited boundary state, the other describing the emission of the particle
and transition to some lower excited boundary state. The ones above are of the absorption
type. The residues of the full reection factor are described by the product of an emission
and an absorption type full boundary coupling (for a denition of boundary couplings and
their relation to the residue of the reection factor see [18]). Due to the tensor product
structure the full boundary coupling is given by the bosonic part multiplied with the SUSY
g-factor, as in the case of bulk scattering [11]. The product of the appropriate emission
and absorption SUSY g-factors is constrained to coincide with the value of the SUSY part
of the reection factor at the position of the pole in the bosonic factor. It can be seen in
general that this does not give enough constraints to determine their value unambiguously
due to the degeneracy introduced by the RSOS indices a; b, and as no physical quantity





discussed above) we do not present any solution for them.
Being constructed by the bootstrap, the reection factors (20) necessarily satisfy the
constraints of boundary factorization and crossing-unitarity; in addition, they commute
with
~Q+ which is guaranteed by the fact that the action of the boundary supercharge
is also derived from the bootstrap as in (18). The full reection factor on the ja; 1=2jni





ab ()Qjni (; #; ) or R
1
2
ab () Pjni (; #; ) : (21)
Clearly (20) has neither pole nor zero in the physical strip. So the poles of the reection
factors on the rst excited wall (21) are exactly the same as in the non supersymmetric
theory: that is they are at ik or at iwm.
The decoration of the non supersymmetric diagrams shows, that diagram (e) explains
the  type of poles, while diagram (d) explains the w type, but only for wm > n. For
13







j 12 ,a, 12 jm,ni
K 1
2
a (i wm) ja; 1=2jni ;
so this is also a doublet, but now it is the Ka 1
2
type kinks that are able to reect on it. It





holds for these states as well,
consistently with the previous interpretation of γ (for these states ~Z = 0).




m;n are physically dierent or there is a possibility for some identication so
that a single state can explain the pole in the reection matrix (21). This can be decided
by examining whether one can describe the residue of the reection factor with a single









nents of the reection factor at the pole. This relation is violated (for generic values of the
parameters) and so one must really introduce the two states above.
Following the same analysis we performed in [21], but now using a decorated version of
the Coleman-Thun diagrams it can be seen that the poles in the reection matrix on the
above boundary excited state, which can not be explained by Coleman-Thun diagrams are







the corresponding boundary states, which are denoted byb; 12 ; a; 12
 k;m; n

have a fourfold degeneracy.
It is clear that the general boundary bound state has the structureak : : : 12 ; a1; 12
nk : : : ; m1; n1

or
 12 ; ak : : : 12 ; a1; 12
mk; nk : : : ; m1; n1

(22)
From this we see that in the supersymmetric case the boundary excited states have a
nontrivial degeneracy in contrast to the bosonic theory. The degeneracy is labeled by
RSOS sequences starting from 1=2 . In both states in (22) the labels ai can freely take
the values 0 and 1, and, as a result, the degeneracy of the states is 2k. The associated
reection factors can be computed from successive application of the bootstrap procedure,

























The result depends on the
~Z charge of the scattering particles. In the ~Z = 0 case the




j bk... 12 ,b1, 12 jnk...,m1,n1i










(wmi ; ni+1; ) (23)
where fa1a2b1b2 (wm1 ; n2 ; ) is the contribution of the dotted square summing over x1 = 0; 1
that is









































Collecting the common factors we have




















(wm1 ; n2; )
where






































~Z = 1 case, which is indicated with dotted lines on the diagram, the result contains
an extra factor
Rxk()
j 12 ,bk... 12 ,b1, 12 jmk ...,m1,n1i






j bk... 12 ,b1, 12 jnk...,m1,n1i
jak... 12 ,a1, 12 jnk...,m1,n1i (24)
where


























5.2.2 The Γ non symmetric (BSSG−) case
The discussion of the Γ non symmetric (BSSG−) solution runs entirely parallel to the
previous Γ symmetric case, the only dierence being that in the input of the bootstrap










(), a = 0; 1, are taken now from (15). These factors
depend explicitly on γ, and this dependence pertains in the (SUSY) reection amplitudes
15
on exited boundaries. Nevertheless, since none of these amplitudes has a pole in the phys-
ical strip, following the steps of the previous considerations leads to the same conclusion
regarding the indexing and degeneracies of the boundary states. Therefore we concentrate
here mainly on the dierences between the two solutions.
At the position of the n poles in the ground state reection amplitude we again as-




a = 0; 1 as in (17) (though of course the
present values of boundary couplings may dier from the previous ones). The action of
the present boundary supercharge,
~Q−, on these states is



















~Q2− on these states is compatible with the relation ~Q
2
− = 2( ~H − M ~Z),
provided we keep the interpretation of γ2=2 as the ground state energy.
Using the SUSY factors eqn. (15) in the bootstrap equation (19) for the reections of
the K 1
2






































where  is expressed in terms of γ in eqn. (16), and
Z−() = P ()K( + i)K( − i)K( + in)K( − in):
Although this reection amplitude has a slightly more complicated form than the one in
eqn. (20), it also solves the boundary Yang-Baxter equation and the other constraints by
construction. The dierence between the two comes from the fact that (20) commutes with
~Q+, while the present reection factor is invariant under ~Q−.
Finally we point out that the expressions (23,24) for the kink reection amplitudes on
the general higher excited boundary states remain valid in the case BSSG− as well, if the
ground state reection factor (14) is replaced by (15).
6 Breather reection factors
The breathers have vertex type scattering matrices in contrast to the RSOS type ones of
the kinks. These scattering matrices enter into the equations determining the reection
factors of the breathers, nevertheless there is no need for their explicit form as the breather
reection factors on the various boundaries can be obtained from that of the soliton kinks by
using the (bulk) fusion and the bootstrap [19]; the procedure is summarized schematically
on diagram (f).
If two bulk kinks form a bound state at a rapidity dierence i (0 <  < ) the bound
state is identied with a supermultiplet (;  ) of mass 2M cos(=2). (In case of the kth
breather  = k =  − kpiλ ). The fusing coecients of these processes are dened via [11]:






























































To describe the ground state reection amplitudes of the bosonic () and fermionic ( )











0( + i=2)K0 1
2
( − i=2) +K 1
2

















0( + i=2)K0 1
2
( − i=2)−K 1
2







These expressions show that they also provide an ordinary doublet representation of the
boundary supercharge
~Q and that the fermionic parity Γ act on them in the standard
way. The actual reection factors are obtained from the bootstrap equation on diagram
(f), where the dashed lines represent either  or  . The bosonic and fermionic reection
factors are qualitatively dierent in the Γ symmetric and Γ non symmetric cases, since








ground state kink reection
amplitudes, and these are signicantly dierent in the two cases. Writing the breather

















in the Γ symmetric (BSSG+) case one obtains
















Z() = P ( + i=2)P ( − i=2)
p
2K(2)2−θ/ipi ;
while in the Γ non symmetric (BSSG−) case we get














































~Z() = K(2)2−θ/ipiF ( − i=2)F ( + i=2); F () = P ()K( + i)K( − i) :
The two cases are indeed qualitatively dierent: in the BSSG+ solution the conservation
of fermionic parity forbids the  !  reection on the ground state boundary, while in
the BSSG− solution this reection is possible. The form of the BSSG+ solution is the
same as the one obtained in [24] by imposing fermion number conservation. The structural
form of the reection factors in the case BSSG− are identical to the ones obtained in [23]
from the eight vertex free fermion model with boundary. In [4] it was proposed that γ,
which appears explicitly in the reection matrix, could be xed in terms of  and # by
the boundary bootstrap. Here we see that this is not the case, as the bootstrap gives no
constraint for γ, due to degeneracies appearing in the boundary excited states. We recall
however that γ is not a free parameter, as it is determined by the ground state boundary
energy (or equivalently, by the boundary supercharge), thus it can be expressed in terms
of the Lagrangian parameters in principle.
A more explicit description of the reection factor of the rst breather on the ground
state boundary in the BSSG− case was given in boundary sinh-Gordon model studied in
[6], but the precise connection between the parameters used in that paper and the present
one is yet to be determined.






+ (k − 2l − 1) 
2






In the supersymmetric theory, these poles signal the presence of the excited boundary
states  12 ; a; 12
 l; k − l

as intermediate states in the breather reection process. Since there are two intermediate
states (a = 0; 1), the determinant of the 2  2 reection matrix should not vanish at the
position of these poles (as the residue of the reection matrix at the pole is proportional
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to the projector on the subspace of on-shell intermediate states). It is straightforward to
verify that this is indeed the case for both the BSSG+ and the BSSG− solutions.
Using the bootstrap procedure it is also possible to obtain the breather reection factors
on excited boundaries. If the RSOS sequence characterizing the boundary state ends with
a label a (a = 0 or a = 1), then e.g. the bosonic breather can be represented by()a; 12 ; : : :









( + i=2)K 1
2
a( − i=2)
a; 12 ; : : :
n1; : : :

in the bootstrap procedure. To emphasize that even in the BSSG+ case there are  !  
type reections on excited boundaries we give here the reection matrix of breathers on the
ja1=2jni states. In the basis of j()0; 1=2jni, j()1; 1=2jni, j ()0; 1=2jni j ()1; 1=2jni




C+ 0 0 −D=r
0 C+ rD 0
0 D=r C− 0
−rD 0 0 C−
1
CCA (25)





































It is easy to show that in spite of the non trivial boson fermion reection the operator Γ
commutes with this reection matrix.
A nontrivial check on the consistency of the bootstrap solution can be obtained by
considering the pole structure of the full reection amplitude containing the SUSY factor
(25). The bosonic reection factor of Bk on the bosonic boundary excited state jni has a






(k + 2n+ 1) [21]. In the supersymmetric case, this means that a




enters as an on-shell intermediate state in the scattering of Bk on ja; 1=2jni. However, due
to the doublet (boson/fermion) structure of the breather naively one would expect 4 states
to explain the residue of the 4  4 reection factor. In the conjectured spectrum, on the
other hand, the only possible process goes via (26) and it allows for only two intermediate
states (a = 0; 1). Therefore one expects that the determinant of the matrix (25) should
have a double zero there. It can be veried by direct calculation that this double zero is
indeed there without imposing any restriction on the parameters.
In the reection of the kth breather on the nth excited boundary, there is another family




(k − 2l + 1) ; l = 0; : : : ; n − 1 [21] that in the supersymmetric
case should correspond to intermediate states of the formb; 12 ; a; 12
 l; k − l; n

:
At these poles, the number of intermediate states is 4 (a; b = 0; 1) and so we expect that
the determinant of the SUSY factor does not vanish, which indeed turns out to be the case.
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7 Conclusions
To start we summarize the results of this paper. We considered the boundary scattering
amplitudes in boundary supersymmetric sine-Gordon theory (BSSG). Imposing the con-
straint of supersymmetry on solutions of the boundary Yang-Baxter equation, we found
two consistent sets of amplitudes that describe the reection of solitons o the boundary
in its ground state. Then we considered the two bootstrap systems built from these funda-
mental amplitudes and conjectured the closure of this bootstrap , i.e. the set of boundary
states and the reection factors on them. We also derived a relation between the boundary
supercharge and the Hamiltonian and checked that this relation holds for the bootstrap
solutions.
Although the reection amplitudes are dierent, the spectrum of states is the same in
the two bootstrap solutions. This common spectrum is characterized partly by a sequence
of integers, just like in the case of the ordinary sine-Gordon model [21], but also by an
RSOS sequence of length k+1 (if the length of the integer sequence is k) starting from 1=2.
The energy of the state depends only on the integer labels, the dierent RSOS sequences
correspond to degenerate states. It is interesting to note that the non supersymmetric
boundary spectrum allows for a tensor product type supersymmetrization, and no further
constraints are obtained in accord with the bulk case [11].
In the case of the BSSG+ theory, the reection amplitudes depend on two parameters 
and #, that are inherited from the bosonic reection factors and were originally introduced
in [18]. In the bosonic case it is known how these parameters are related to the parameters
of the boundary Lagrangian in the perturbed CFT formalism [25]. Besides that, the SUSY
algebra introduces a further parameter γ, which is related to the energy of the boundary
ground state and so must be a function of the parameters of the BSSG Lagrangian. In
the BSSG− theory the dierence is that γ appears also in the expression for the reection
factors themselves. In the bosonic case the expression for the boundary energy in terms
of Lagrangian parameters is also known [25]. The existence of two dierent families of
solutions and the number of parameters are in accordance with the expectations that
they describe the scattering in the Lagrangian theories corresponding to the boundary
interaction (6) [4].
It is a very interesting and important issue to connect the bootstrap parameters ; 
and the vacuum energy parameter γ to the parameters of the Lagrangian description for
the supersymmetric case as well. In the case of the non supersymmetric boundary sine-
Gordon theory this was achieved by considering it as a combined bulk and boundary
perturbation of a c = 1 free massless boson with Neumann boundary condition. However,
even the interpretation of the bulk SSG theory as a perturbed CFT is nontrivial, and we
are investigating this problem. We are also working on getting more evidence to link the
bulk S matrix and the reection factors to the Lagrangian theory. Work is in progress in
these directions and we hope to report on the results in the very near future.
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